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Abstract
For each isomorphism class of a real algebraic curve (X; ) of genus 2 we compute the
groups Aut(X; ) and Aut X consisting of automorphisms with real and complex coe/cients,
respectively. Some applications to real forms are also given. c© 2001 Elsevier Science B.V. All
rights reserved.
MSC: 14H; 30F
0. Introduction
The explicit computation of automorphism groups of compact Riemann surfaces is a
classical problem in mathematics. Original works on this subject go back to Schwartz,
Hurwitz, Klein and Wiman among others, who mainly worked with polynomial equa-
tions of the complex algebraic curves associated to such surfaces. Klein was also
interested in the real counterpart of this problem. However, it has not been until the
right de=nition of the “analytic” surface associated to a real algebraic curve (see [1])
that the study of real algebraic curves and their automorphism groups has acquired
importance. The development of proper techniques of real algebraic geometry during
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the last three decades has also propelled this =eld ahead. A large number of works
have appeared since, see [14,5,16] and the references given there.
Given an algebraic curve (complex or real) by means of its polynomial equations,
it is an interesting and di/cult problem to calculate its automorphism group. A related
problem is the following: given a real algebraic curve compare its real automorphism
group with its complex one. In modern terms of Klein surfaces this amounts to com-
paring the automorphism group of a Klein surface with the automorphism group of its
complex double. Some results on this subject have appeared in the last few years. The
papers [13,4,10] deal with the case of bordered Klein surfaces with large automorphism
groups. Here we solve completely this problem in the case of genus 2. Namely, for
each isomorphism class of a real algebraic curve (X; ) of genus 2 we explicitly com-
pute both the group Aut(X; ) of its real automorphisms and the group Aut X of its
complex automorphisms. As a consequence, a description of the locus of real curves
with prescribed complex automorphism group is obtained. This is done in Sections
3–6.
Section 7 contains some applications to real forms. We calculate real polynomial
equations of the real forms of three special families of complex curves of genus 2.
The automorphism group and the topological type of each real form are also given. The
=rst family consists of the unique three complex curves X such that its isomorphism
class is determined by the order of its automorphism group Aut X . Curves on the
second family are those admitting the maximum number of real forms with non-empty
real part. Those admitting exactly one real form constitute the third family.
Usual techniques which deal with automorphisms of real algebraic curves rely upon
the geometry of the associated Klein surfaces. Uniformization theorem of Klein sur-
faces by means of NEC groups provides a combinatorial technique (see [5] and the
references given there). Period matrices also prove to be a powerful method since they
are the connection with the theory of abelian varieties (see, for example, [15,17]). Our
approach is more classical in the sense that we directly work with polynomial equa-
tions. This is possible since curves of genus 2 are all hyperelliptic and so they admit
a well-known representation by polynomials.
Such a representation and other facts about hyperelliptic curves are summarized in
Section 2. It also contains the necessary tools for dealing with birational transformations
between real hyperelliptic curves. These tools are applied throughout the paper.
1. Preliminaries
A real algebraic curve of genus g is a pair (X; ) where X is a projective, irreducible,
smooth complex algebraic curve of genus g and  : X → X is an antianalytic involution
on X . We will also say that  is a real structure on X . An automorphism of the real
curve (X; ) is an automorphism (conformal self-homeomorphism) f :X → X of the
complex curve which commutes with . The set of all such automorphisms constitutes
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the automorphism group of (X; ):
Aut(X; ) = {f ∈ Aut X : f ◦  =  ◦ f}:
Two real curves (X; ) and (Y; 	) are isomorphic (respectively, homeomorphic) if there
exists an isomorphism (respectively, a homeomorphism) f : X → Y such that f ◦ =
	◦f. Two isomorphic real curves are homeomorphic, but the converse is not true. The
homeomorphism class of a real algebraic curve (X; ) is determined by its topological
type [18], which is the triple (g; k; ), where
• g is the genus of X ,
• k is the number of connected components of the real part X of (X; ), which is
the =xed point set of , and
• = 1 if X − X is connected and 0 otherwise.
We denote by M(g;k; ) the set of isomorphism classes of real algebraic curves of
topological type (g; k; ):
M(g;k; ) = {(X; ): (X; ) has topological type (g; k; )};
where we have used (X; ) to denote both a real algebraic curve and its isomorphism
class. This convention will be assumed throughout this paper. For abbreviation, a real
algebraic curve of topological type (g; k; ) will be called a (g; k; )-curve.
There are =ve diMerent topological types of real algebraic curves of genus 2, namely
(2,3,0), (2,2,1), (2,1,1), (2,1,0) and (2,0,1). Using combinatorial methods, the list of
groups which are realized as real automorphism groups of such curves was calculated
in [3] for (2,0,1)-curves and in [6] for the rest of the cases. The list of complex
automorphism groups of complex curves of genus 2 was obtained by Wiman in [19].
We will see that any such group can be realized as the complex automorphism group
of a real algebraic curve.
We will denote the cyclic group of order N by ZN and the dihedral group of order
2N by DN . Thus, D2 stands for the non-cyclic group of order 4.
2. Hyperelliptic real algebraic curves
A real algebraic curve (X; ) is hyperelliptic if so is the complex curve X , that is,
if X admits a meromorphic function of degree 2. Isomorphisms between hyperelliptic
complex curves are closely related to automorphisms of the Riemann sphere. In this
section we describe this relation in terms of equations of such curves.
Throughout this paper a hyperelliptic complex algebraic curve X of genus g will be
represented by the a/ne plane model
X = {(x; y) ∈ C2: y2 = PX (x):=(x − e1) · · · (x − e2g+1+)}
with ei 	= ej and  = 0 or 1. In this model we identify the characteristic elements
of a hyperelliptic curve. First, a meromorphic function of degree 2 is given by the
projection X : (x; y) 
→ x onto the Riemann sphere Cˆ:=C ∪ {∞}. Its branch points
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are thus the roots of PX and possibly ∞. They constitute what we call (by abuse of
language) the branch point set of X,
BX =
{ {e1; : : : ; e2g+2} if = 1;
{e1; : : : ; e2g+1;∞} if = 0:
The automorphism interchanging the two sheets of X is known as the hyperelliptic
involution hX : (x; y) 
→ (x;−y). It is central in Aut X .
Let Y be another hyperelliptic curve and BY its branch point set. Every birational
isomorphism f : X → Y induces a MQobius transformation fˆ : Cˆ→ Cˆ which maps BX
onto BY . In fact, fˆ is de=ned by fˆ : X (p) 
→ Y (f(p)) for any p ∈ X .
X
f−−→ Y
X
  Y
Cˆ
fˆ−−→ Cˆ
Conversely, it is known that every MQobius transformation m : Cˆ→ Cˆ which maps BX
onto BY induces exactly two birational isomorphisms f1, f2 : X → Y such that fˆi=m,
i = 1; 2 (in fact, f2 = f1 ◦ hX = hY ◦ f1). We call these isomorphisms liftings of m.
Their formulae can be calculated explicitly.
Liftings of Mobius transformations (Cirre[8]). Let BX and BY be the branch point
sets of two genus g hyperelliptic complex curves X and Y = {w2 = PY (z)}. Let
m(x) =
ax + b
cx + d
; {a; b; c; d}⊂C with detm:=ad− bc 	= 0
be a MQobius transformation such that m(BX ) = BY . Then the formulae of its liftings,
say f and f ◦ hX , depend on whether ∞ is a branch point of X or not and whether
m =xes ∞ or not.
• If ∞ ∈ BX and m(∞) =∞ then
f(x; y) =
(
ax + b
d
; y ·
( a
d
)g √detm
d
)
:
• If ∞ ∈ BX and m(∞) 	=∞ then
f(x; y) =
(
ax + b
cx + d
;
y · cg
(cx + d)g+1
√
−detm · P′Y (m(∞))
)
;
where P′Y denotes the derivative of PY .
• If ∞ 	∈ BX and m(∞) =∞ then
f(x; y) =
(
ax + b
d
; y ·
( a
d
)g+1)
:
• If ∞ 	∈ BX and m(∞) 	=∞ then
f(x; y) =
(
ax + b
cx + d
;
y · cg+1
(cx + d)g+1
√
PY (m(∞))
)
:
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We now return to real algebraic curves. If the hyperelliptic complex curve Y admits
a real structure 	 then its branch point set BY is preserved by the antianalytic involution
	ˆ : Cˆ→ Cˆ induced by 	. Further, 	ˆ is conjugate to either complex conjugation x 
→ Rx
or the antipodal map x 
→ −1= Rx [1, Theorem 1:9:4]. The next lemma provides suitable
plane models for those (Y; 	) such that 	ˆ is conjugate to complex conjugation.
Lemma 2.1 (Cirre [8]). With the above notations; each hyperelliptic real curve (Y; 	)
with 	ˆ(x) = Rx is isomorphic to one and only one of the following:
(i) (X = {y2 = PX (x)}; X ) where PX is a monic real polynomial without multiple
roots; or
(ii) (X = {y2 =−PX (x)}; X ) where PX is a monic real polynomial without multiple
roots and without real roots;
and in both cases; X : (x; y) 
→ ( Rx; Ry).
Note that curves of type (ii) have an empty real part since PX is always positive
on R. On the contrary, curves of type (i) have a non-empty real part. The complete
topological description of any hyperelliptic real curve is given in the next lemma. It
may be seen as a reformulation of the results given in [12], Section 6 adapted to our
situation. The integer part of the rational number r is denoted by [r].
Lemma 2.2 (Topological classi=cation).
(a) Let (X = {y2 = PX }; 	) be a hyperelliptic real curve such that the antianalytic
involution that 	 induces in Cˆ is conjugate to 	ˆ : x 
→ −1= Rx. Then its topological
type is (g; k; ) with g= [(degPX − 1)=2] odd; k = 0 and so = 1.
(b) Let (X = {y2 = PX (x)}; X ) be a hyperelliptic real curve of type (i) in Lemma
2.1 and let zR be the number of real roots of PX . Then its topological type is
(g; k; ) with g= [(degPX − 1)=2] and
(b.1) k = g+ 1; = 0 if zR = degPX ,
(b.2) k = [(zR + 1)=2]; = 1 if 0¡zR¡ degPX ;
(b.3) k = 1; = 0 if zR = 0 and g is even;
(b.4) k = 2; = 0 if zR = 0 and g is odd.
(c) Let (X = {y2 =−PX (x)}; X ) be a hyperelliptic real curve of type (ii) in Lemma
2.1. Then its topological type is (g; k; ) with g=(degPX−2)=2; k=0 and so =1.
In this paper we only deal with real curves of even genus and so the complex
conjugation may be chosen as their real structures. For notational convenience we
denote it simply by .
Let (X; ) and (Y; ) be two hyperelliptic real curves and assume that there exists a
real MQobius transformation m mapping BX onto BY . We know that the complex curves
X and Y are isomorphic via a lifting of m. However, due to the presence of square
roots in its formula, we cannot assure that such a lifting is an isomorphism between
the real curves (X; ) and (Y; ). A simple examination case by case of such formulae
proves the following lemma.
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Lemma 2.3 (R-lifting). Let (X; ) and (Y ={y2=PY (x)}; ) be two hyperelliptic real
curves of type (i) in Lemma 2:1 and let m be a real M7obius transformation mapping
BX onto BY . The liftings of m are isomorphisms between (X; ) and (Y; ); and in
such a case we call them real liftings; if and only if
• detm¿ 0 if ∞ ∈ BX and m(∞) =∞;
• detm · P′Y (m(∞))¡ 0 if ∞ ∈ BX and m(∞) 	=∞;
• always if ∞ 	∈ BX and m(∞) =∞;
• PY (m(∞))¿ 0 if ∞ 	∈ BX and m(∞) 	=∞.
The same holds true if both (X; ) and (Y; ) are of type (ii).
Isomorphisms between X and Y become automorphisms of X when Y = X . The
automorphism group Aut(X; ) consists of the liftings of those real MQobius transfor-
mations preserving BX which, in addition, have real liftings. We denote by Aut(X; )Cˆ
the group of such MQobius transformations:
Aut(X; )Cˆ:={m: m(BX ) = BX ; m real; and m has real liftings}:
As to Aut X , it consists of the liftings of MQobius transformations preserving BX . We
denote by Aut XCˆ the group of such transformations:
Aut XCˆ:={m:m(BX ) = BX }:
Thus, the problem of comparing Aut(X; ) with Aut X reduces to that of comparing
Aut(X; )Cˆ with Aut XCˆ.
We now apply results of this section to the particular case of genus 2 curves. For each
(isomorphism class of) such a curve (X; ) both Aut(X; ) and Aut X are computed.
We distinguish 5 cases, each one corresponding to each admissible topological type.
We only describe in detail the case of (2,2,1)-curves since it illustrates in a good way
the techniques used in the rest of the cases. In these, we restrict ourselves to point out
their speci=c diMerences.
3. Complex automorphism groups of (2,2,1)-curves
We =rst need a way to obtain each isomorphism class of (2,2,1)-curves. The fol-
lowing theorem solves this problem.
Theorem 3.1 (Cirre [9]). The mapping
(a; b; c) 
→ (X (a; b; c) = {y2 = (x2 + 1)(x − a)(x − b)(x − c)}; )
is a one-to-one correspondence between
$=
{
(a; b; c) ∈ R3: a¡b¡c; ac + 1
a− c ≤ b ≤
ac + 1
c − a
}
and M(2;2;1).
F.J. Cirre / Journal of Pure and Applied Algebra 157 (2001) 157–181 163
The picture on the left-hand side of Fig. 1 appearing at the end of this section
illustrates what $ looks like. It is a domain in R3 together with two boundary surfaces
intersecting along a curve.
This section is devoted to prove the following theorem.
Theorem 3.2. Let p:=(a; b; c) ∈ $. Then with the above notations;
Aut(X (p); ) = Aut X (p) if and only if p 	∈ {a+ c = b= 0}:
(1) Suppose p 	∈ {a+ c = b= 0}.
(1.1) If p ∈ { ac+1a−c ¡b¡ ac+1c−a } then Aut X (p) = Z2.
(1.2) If p ∈ { ac+1a−c = b¡ ac+1c−a } ∪ { ac+1a−c ¡b= ac+1c−a } then Aut X (p) = D2.
(1.3) If p ∈ {ac + 1 = b= 0} then Aut X (p) = D4.
(2) Suppose p ∈ {a+ c = b= 0}.
(2.1) If p 	= (−1; 0; 1) then Aut(X (p); ) = Z2 and Aut X (p) = D4.
(2.2) If p=(−1; 0; 1) then Aut(X (p); )=D4 and Aut X (p)=G48; where G48 =
〈f; g|f8 = g3 = (f ◦ g)2 = (f−3 ◦ g)2 = id〉.
Furthermore; the explicit formulae of the automorphisms generating Aut(X (p); )
and Aut X (p) are given.
Proof. As mentioned in Section 2, the problem of comparing Aut(X (p); ) with
Aut X (p) reduces to comparing Aut(X (p); )Cˆ with Aut X (p)Cˆ. Therefore, we have
to look for MQobius transformations which preserve the branch point set of X (p).
According to its equation, 4 of its 6 branch points lie on the real axis R ∪ {∞}
(namely a, b, c and ∞) and the other 2 lie outside it (i and −i).
Consequently, if m ∈ Aut X (p)Cˆ then m(R∪{∞}) is also a circle in Cˆ with exactly
4 branch points. (By a circle in Cˆ we mean either a circle in the euclidean plane
or a straight line in the euclidean plane together with ∞:) Consider the following
circles:
C∞ = circle in Cˆ through ∞; i and − i;
Ca = circle in Cˆ through a; i and − i;
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Cb = circle in Cˆ through b; i and − i;
Cc = circle in Cˆ through c; i and − i:
We claim that if C is a circle in Cˆ with 4 branch points of X (p) then C =R∪ {∞},
C∞, Ca, Cb or Cc. Indeed, if at least 3 of the branch points lying on C are real, then
C=R∪{∞}: If at most 2 of them are real then C contains i and −i and so C=C∞,
Ca, Cb or Cc. As a consequence,
m(R ∪ {∞}) = R ∪ {∞}; C∞; Ca; Cb or Cc:
We =rst analyze the case of real MQobius transformations.
Case 1: m(R∪{∞})=R∪{∞}. Such a MQobius transformation either =xes i and −i
and so its equation is m(x) = ('x + ()=(−(x + '), or it interchanges i with −i and so
m(x)= ('x+()=((x−'); for some '; ( ∈ R in both cases. In order to determine ' and
( we use that m(∞) belongs to {a; b; c;∞}: Hence there are 8 MQobius transformations
and for each one we have to determine which conditions the point (a; b; c) ∈ $ must
ful=ll so that the branch point set {a; b; c;∞; i;−i} is preserved by m. For example,
if m(i) = i and m(∞) = a then m(x) = (ax − 1)=(x + a); this transformation preserves
{a; b; c;∞; i;−i} if and only if (a; b; c)=(−1; 0; 1): In such a case, m(x)=(x+1)=(−x+
1): Repeating the same argument with all the transformations we obtain the following:
• If m1(i) = i and m1(∞) =∞ then m1 = id.
• If m2(i) = i and m2(∞) = a then (a; b; c) = (−1; 0; 1) and m2(x) = (x+1)=(−x+1).
• If m3(i) = i and m3(∞) = b then ac + 1 = b= 0 and m3(x) =−1=x.
• If m4(i) = i and m4(∞) = c then (a; b; c) = (−1; 0; 1) and m4(x) = (x − 1)=(x + 1).
• If m5(i) =−i and m5(∞) =∞ then a+ c = b= 0 and m5(x) =−x:
• If m6(i)=−i and m6(∞)=a then b=(ac+1)=(c−a) and m6(x)= (ax+1)=(x−a).
• If m7(i) =−i and m7(∞) = b then (a; b; c) = (−1; 0; 1) and m7(x) = 1=x.
• If m8(i)=−i and m8(∞)= c then b=(ac+1)=(a− c) and m8(x)= (cx+1)=(x− c).
Applying the R-lifting lemma we see that m2; m4; m5 and m7 are the only real MQobius
transformations whose liftings are not real. Note that they permute the branch point set
of X (p) if p ∈ {a + c = b = 0}: This shows the “only if ” part of the =rst statement
in the theorem. To show the rest we have to analyze the other cases, in which m does
not preserve the real axis.
Since the real axis separates two semispheres each one having one branch point,
the same holds true for m(R ∪ {∞}): there is one branch point “on each side” of
m(R ∪ {∞}).
Case 2: m(R ∪ {∞}) = C∞. In this case C∞ contains 4 branch points, namely ∞,
i, −i and 0: Therefore, a¡b= 0¡c. Note that under these conditions, C∞ = Cb.
Now, m(C∞) is also a circle in Cˆ with 4 branch points. So either m(C∞)=R∪{∞}
or m(C∞) = Ca since the case m(C∞) = Cc is the same as m(C∞) = Ca.
Subcase 2.1: m(R∪ {∞}) =C∞ and m(C∞) =R∪ {∞}: The action of m on these
circles gives the action of m on pairs of branch points. Explicitly,
{0;∞}= (R ∪ {∞}) ∩ C∞ m
→C∞ ∩ (R ∪ {∞}) = {0;∞};
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{i;−i}= BX − (R ∪ {∞}) m
→BX − C∞ = {a; c};
{a; c}= BX − C∞ m
→BX − (R ∪ {∞}) = {i;−i}:
The formula of m is almost determined by the =rst row. It is then easy to =nd which
conditions the parameters a and c must ful=ll so that m preserves {∞; a; 0; c; i;−i}.
We obtain the following:
• If m(0) = 0 and m(∞) =∞ then (a; b; c) = (−1; 0; 1) and m(x) =±ix.
• If m(0) =∞ and m(∞) = 0 then a+ c = b= 0 and m(x) =±ai=x.
Subcase 2.2: m(R ∪ {∞}) = C∞ and m(C∞) = Ca: This forces m(Ca) = R ∪ {∞}:
Note that the fourth branch point in Ca is c=−1=a. The action of m on pairs of branch
points is the following.
{0;∞}= (R ∪ {∞}) ∩ C∞ m
→C∞ ∩ Ca = {i;−i};
{i;−i}= C∞ ∩ Ca m
→Ca ∩ (R ∪ {∞}) = {a;−1=a};
{a;−1=a}= Ca ∩ (R ∪ {∞}) m
→(R ∪ {∞}) ∩ C∞ = {0;∞}:
Again the =rst row almost determines m. It follows that in this case:
• if m(0)= i and m(∞)=−i then (a; b; c)= (−1; 0; 1) and m(x)= i · (−x± 1)=(x± 1);
• if m(0)=−i and m(∞)= i then (a; b; c)= (−1; 0; 1) and m(x)= i · (x± 1)=(−x± 1).
Case 3: m(R ∪ {∞}) = Ca. The fourth branch point in Ca is c=−1=a. Thus b= 0
(see the de=nition of $). So, along this case, ac + 1 = b = 0. Note that under these
conditions, C∞ = Cb and Cc = Ca.
Now, m(Ca) is also a circle with 4 branch points. Therefore, either m(Ca)=R∪{∞}
or m(Ca) = C∞.
Subcase 3.1: m(R∪ {∞}) =Ca and m(Ca) =R∪ {∞}: The action of m on pairs of
branch points is
{0;∞}= BX − Ca m
→BX − (R ∪ {∞}) = {i;−i};
{i;−i}= BX − (R ∪ {∞}) m
→BX − Ca = {0;∞};
{a;−1=a}= Ca ∩ (R ∪ {∞}) m
→(R ∪ {∞}) ∩ Ca = {a;−1=a}:
So
• if m(0) = i and m(∞) =−i then (a; b; c) = (−1; 0; 1) and m(x) =−i · (x± i)=(x∓ i);
• if m(0) =−i and m(∞) = i then (a; b; c) = (−1; 0; 1) and m(x) = i · (x ∓ i)=(x ± i).
Subcase 3.2: m(R ∪ {∞}) = Ca and m(Ca) = C∞. Then m(C∞) =R ∪ {∞} and so
{i;−i}= C∞ ∩ Ca m
→(R ∪ {∞}) ∩ C∞ = {0;∞};
{0;∞}= (R ∪ {∞}) ∩ C∞ m
→Ca ∩ (R ∪ {∞}) = {a;−1=a};
{a;−1=a}= Ca ∩ (R ∪ {∞}) m
→C∞ ∩ Ca = {i;−i}:
In this case,
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• if m(i) = 0 and m(−i) =∞ then (a; b; c) = (−1; 0; 1) and m(x) =±(x − i)=(x + i);
• if m(i) =∞ and m(−i) = 0 then (a; b; c) = (−1; 0; 1) and m(x) =±(x + i)=(x − i).
We do not have to consider more images of the real axis because cases m(R ∪
{∞}) = Cb and m(R ∪ {∞}) = Cc are the same as cases 2 and 3, respectively.
We are now in a position to calculate both Aut(X (p); ) and Aut X (p) according to
the values of a; b and c. Before proceeding note that if (a; b; c) 	∈ {a+ c= b=0} then
the only elements that Aut X (p)Cˆ may admit are the four real MQobius transformations
with real liftings appearing in case 1. This shows the “if ” part of the =rst statement
of the theorem.
(1) Suppose that p 	∈ {a+ c = b= 0}. Let
f : (x; y) 
→
(
cx + 1
x − c ;
y(c2 + 1)3=2
(x − c)3
)
and g : (x; y) 
→
(
ax + 1
x − a ;
y(a2 + 1)3=2
(x − a)3
)
be, respectively, liftings of the transformations m8 and m6 appearing in case 1.
(1.1) If p ∈ {(ac + 1)=(a − c)¡b¡ (ac + 1)=(c − a)} then Aut X (p)Cˆ = {m1}
and so Aut X (p) = 〈hX 〉  Z2.
(1.2) If p ∈ {(ac+1)=(a−c)=b¡ (ac+1)=(c−a)} then Aut X (p)Cˆ={m1; m8} and
so Aut X (p)=〈hX ; f〉  D2. If p ∈ {(ac+1)=(a−c)¡b=(ac+1)=(c−a)}
then Aut X (p)Cˆ = {m1; m6} and so Aut X (p) = 〈hX ; g〉  D2.
(1.3) If p ∈ {ac + 1 = b = 0} then Aut X (p)Cˆ = {m1; m3; m6; m8}: In this case
Aut X (p) = 〈f; g〉  D4.
(2) Suppose that p ∈ {a+ c = b= 0}:
(2.1) If (a; b; c) 	= (−1; 0; 1) then Aut(X (p); )Cˆ = {m1} and so Aut(X (p); ) =
〈hX 〉  Z2. However, there are exactly three MQobius transformations pre-
serving BX (p) whose liftings are not real, namely x 
→ −x and x 
→ ±ai=x:
Therefore, Aut X (p) has order 8 and in fact it is dihedral generated by
f : (x; y) 
→
(
ai
x
;
a
√
2a(1− i)y
2x3
)
and g : (x; y) 
→ (−x; iy):
(2.2) If (a; b; c) = (−1; 0; 1) then Aut(X (p); )Cˆ = {idCˆ; m3; m6; m8} and so this
case is the same as (1.3). As to Aut X (p)Cˆ; it consists of the following 24
transformations:
x 
→ ikx; x 
→ i
k
x
; x 
→ ik · x + i
j
x − ij ; k; j = 1; 2; 3; 4:
Therefore, Aut X (p) has order 48. An explicit presentation of this group is
〈f; g|f8 = g3 = (f ◦ g)2 = (f−3 ◦ g)2 = id〉; where
f : (x; y) 
→
(
x + 1
−x + 1 ;
2
√
2iy
(−x + 1)3
)
and g : (x; y) 
→
(
ix + i
−x + 1 ;
2(i− 1)y
(x − 1)3
)
:
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Fig. 1. Real (on the left) and complex (on the right) automorphism groups of (2,2,1)-curves.
Fig. 1 represents the relative position in $ of its subsets consisting of (2,2,1)-curves
with prescribed real (on the left) and complex (on the right) automorphism groups
(thin dashed lines do not belong to $). The domain bounded by the shadowed surfaces
corresponds to curves with Z2 as their real automorphism group.
4. Complex automorphism groups of (2,3,0)-curves
We use the following description of the set of isomorphism classes of (2,3,0)-curves.
Theorem 4.1 (Cirre [9]). The mapping
(a; b; c) 
→ (X (a; b; c) = {y2 = x(x − 1)(x − a)(x − b)(x − c)}; )
is a one-to-one correspondence between
$=
{
(a; b; c) ∈ R3: 0¡a¡b¡c¡ 1; bc ≤ a ≤ b− c
b− 1
}
and M(2;3;0).
The picture on the left-hand side of Fig. 2 illustrates what $ looks like. It is a
domain in R3 together with two boundary surfaces intersecting along a curve.
Theorem 4.2. Let p:=(a; b; c) ∈ $. Then with the above notations
Aut(X (p); ) = Aut X (p) if and only if p 	∈
{
a= b
c − 1
b− 1
}
:
(1) Suppose that p 	∈ {a= b(c − 1)=(b− 1)}.
(1.1) If p ∈ {bc¡a¡ (b− c)=(b− 1)} then Aut X (p) = Z2.
(1.2) If p ∈ {bc = a¡ (b − c)=(b − 1)} ∪ {bc¡a = (b − c)=(b − 1)} then
Aut X (p) = D2.
(1.3) If p ∈ {bc = a= (b− c)=(b− 1)} then Aut X (p) = D6.
(2) Suppose that p ∈ {a= b(c − 1)=(b− 1)}.
(2.1) If p ∈ {bc¡a¡ (b−c)=(b−1)} then Aut(X (p); )=Z2 and Aut X (p)=D2.
(2.2) If p ∈ {bc = a¡ (b − c)=(b − 1)} ∪ {bc¡a = (b − c)=(b − 1)} then
Aut(X (p); ) = D2 and Aut X (p) = D4.
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(2.3) If p ∈ {bc=a=(b−c)=(b−1)} i.e.; if p=(13 ; 12 ; 23 ); then Aut(X (p); )=D6
and Aut X (p)=G24; where G24=〈f; g |f4=g6=(f◦g)2=(f−1 ◦g)2=id〉.
Furthermore; the explicit formulae of the automorphisms generating Aut(X (p); )
and Aut X (p) are given.
Proof (Outline). According to the equation of X (p), its branch point set is BX =
{∞; 0; 1; a; b; c}, which is contained in the real axis. Therefore, if m ∈ Aut X (p)Cˆ
then m(R ∪ {∞}) = R ∪ {∞}, i.e., m has real coe/cients. Moreover, the image by
m of the 6-uple (0; a; b; c; 1;∞) is a cyclic permutation of either itself or its “inverse”
(∞; 1; c; b; a; 0). Hence, there are 12 possible MQobius transformations and for each one
we =nd necessary and su/cient conditions on a; b and c so that BX is preserved by m.
It turns out that if a 	= b(c − 1)=(b − 1) then the only MQobius transformations
preserving BX have real liftings, and conversely. Now calculating liftings and relations
according to the values of p= (a; b; c) we obtain the following:
(1) Suppose that p 	∈ {a= b(c − 1)=(b− 1)}. Let f and g be the following transfor-
mations:
f : (x; y) 
→
(
a
x
;
−ya3=2
x3
)
and g : (x; y) 
→
(
x − c
x − 1 ;
y(1− c)3=2
(x − 1)3
)
:
(1.1) If p ∈ {bc¡a¡ (b−c)=(b−1)} then Aut(X (p); )=Aut X (p)=〈hX 〉  Z2.
(1.2) If p ∈ {bc=a¡ (b−c)=(b−1)} then Aut(X (p); )=Aut X (p)= 〈f; hX 〉 
D2.
If p ∈ {bc¡a=(b− c)=(b−1)} then Aut(X (p); )=Aut X (p)= 〈g; hX 〉 
D2.
(1.3) If p ∈ {bc=a=(b−c)=(b−1)} then Aut(X (p); )=Aut X (p)=〈f; g〉  D6.
(2) Suppose that p ∈ {a= b(c − 1)=(b− 1)}. Let f and g be as above and
t : (x; y) 
→
(
b(x − c)
x − b ;
yi[b(c − b)]3=2
(x − b)3
)
:
(2.1) If p ∈ {bc¡a¡ (b−c)=(b−1)} then Aut(X (p); )=〈hX 〉 and Aut X (p)=
〈hX ; t〉  D2.
(2.2) If p ∈ {bc=a¡ (b−c)=(b−1)} then Aut(X (p); )=〈f; hX 〉 and Aut X (p)=
〈f; t〉  D4.
If p ∈ {bc¡a=(b−c)=(b−1)} then Aut(X (p); )=〈g; hX 〉 and Aut X (p)=
〈g; t〉  D4.
(2.3) If p ∈ {bc=a=(b−c)=(b−1)}; i.e., if p=(13 ; 12 ; 23 ), then Aut(X (p); )=〈f; g〉
and Aut X (p) is the group of order 24 with presentation 〈r; s|r4 = s6 = (r ◦
s)2 = (r−1 ◦ s)2 = id〉 where
r : (x; y) 
→ (−x + 1; iy) and s : (x; y) 
→
(
−1
3x − 3 ;
yi3
√
3
(3x − 3)3
)
:
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Fig. 2. Real (on the left) and complex (on the right) automorphism groups of (2; 3; 0)-curves.
Fig. 2 represents the relative position in $ of its subsets consisting of (2,3,0)-curves
with prescribed real (on the left) and complex (on the right) automorphism groups
(dashed thin lines do not belong to $). The domain bounded by the shadowed surfaces
corresponds to curves with Z2 as their real automorphism group.
5. Complex automorphism groups of (2; 1; 1)-curves
We use the following description of the set of isomorphism classes of (2; 1; 1)-curves.
Theorem 5.1 (Cirre [9]). The mapping
(a; b; c) 
→ (X (a; b; c) = {y2 = x((x − a)2 + b2)((x − c)2 + 1); )
is a one-to-one correspondence between
$= {(a; b; c) ∈ R3 : (a; b) 	= (c; 1); b¿ 0; a ≥ bc; a2 + b2 ≥ c2 + 1}
and M(2;1;1):
The picture on the left-hand side of Fig. 3 illustrates what $ looks like. It is a
domain in R3 together with two disjoint boundary surfaces.
Theorem 5.2. Let p:=(a; b; c) ∈ $: With the above notations;
(1) If p ∈ {a= bc} then Aut(X (p); ) = D2 and
Aut X (p) =


G24 if c = 0 and b= 3;
D4 if c = 0 and b 	= 3;
D6 if b= (c2 + 1)=(c2 − 3);
D2 otherwise;
where G24 = 〈r; s | r4 = s6 = (r ◦ s)2 = (r−1 ◦ s)2 = id〉:
(2) If p ∈ {a2 + b2 = c2 + 1} then Aut(X (p); ) = D2 and
Aut X (p) =


G48 if b= 1 and c =−1;
D4 if b= 1 and c 	= −1;
D2 otherwise:
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where G48 = 〈r; s | r8 = s3 = (r ◦ s)2 = (r−3 ◦ s)2 = id〉:
(3) If p ∈ {a¿bc; a2 + b2 ¿c2 + 1} then Aut(X (p); ) = Z2 and
Aut X (p) =


D6 if b= 1+c
2
3−c2 =
−a
c or b=
3−c2
1+c2 =
−a
c ;
D2 if a=−bc and 1+c23−c2 	= b 	= 3−c
2
1+c2 ;
Z10 if p= (2 sin 25 ; 2 cos
2
5 ; tan

5 ) or
p= (−
√
5 + 2
√
5; 2 +
√
5;−
√
5 + 2
√
5);
Z2 otherwise:
Furthermore; the explicit formulae of the automorphisms generating Aut(X (p); )
and Aut X (p) are given.
In [19] Wiman showed that the automorphism group of a complex curve of genus
2 is one of the following: Z2; D2, D4; D6; Z10; G24 or G48. So, each of these groups
may be realized as the complex automorphism group of a (2; 1; 1)-curve.
As may be expected, the proof involves a large number of calculations since many
cases have to be considered.
Proof of Theorem 5.2 (Outline). As in the preceding cases, there is a circle C in
Cˆ with a “large” number of branch points in it, namely that passing through a ± bi;
c± i; the four complex non-real ones. What makes this case more involved is that here
the number of branch points lying on C may vary according to the values of a; b;
and c. Moreover, in case C contains exactly 4 branch points then there may be other
circles with the same property. A detailed analysis of all the possibilities allows us
to compute both Aut(X (p); ) and Aut X (p) for each value of p = (a; b; c). In some
cases we will represent (X (p); ) with another equation where the automorphisms are
easy to describe.
A presentation of Aut(X (p); ) depends on whether p belongs to {a = bc}; {a2 +
b2 = c2 + 1} or {a¿bc; a2 + b2 ¿c2 + 1}.
(1) If p ∈ {a= bc} then Aut(X (p); ) is dihedral of order 4 generated by hX and
f : (x; y) 
→
(
b(c2 + 1)
x
;
y(b(c2 + 1))3=2
x3
)
:
The exceptional values of p for which Aut(X (p); ) does not coincide with
Aut X (p) are the following:
(1.1) If c=0 and b=3 then Aut X (p) is the group of order 24 given by 〈r; s | r4=
s6 = (r ◦ s)2 = (r−1 ◦ s)2 = id〉 where
r : (x; y) 
→ (−x; iy) and s : (x; y) 
→
(
−3ix + 3
x − 3i ;
y36
√
2
(x − 3i)3
)
:
(1.2) If c = 0 and b 	= 3 then Aut X (p) = 〈f; r〉  D4:
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(1.3) If b=(c2+1)=(c2−3) then (X (p); ) is isomorphic to the real curve (Y (t); )
given by
y2 = (x2 − t2)(x2 − ’(t)2)(x2 − ’2(t)2);
where t = c − √c2 − 3 and ’(t) = (t + 3i)=(it + 1): (Note that |t|¿√3
and that ’2(t) = ’(t):) Indeed, it is straightforward to check that a lifting
of x 
→ t[x(c − t) + c2 + 1]=[x(c − t) − c2 − 1] is an isomorphism between
(X (p); ) and (Y (t); ). In particular, Aut(X (p); ) and Aut X (p) are con-
jugate to Aut(Y (t); ) and Aut Y (t); respectively. The latter groups are easy
to describe: Aut(Y (t); ) = 〈u; hY 〉 and Aut Y (t) = 〈u; v〉  D6; where
u : (x; y) 
→ (−x; y) and v : (x; y) 
→
(
x + 3i
ix + 1
;
8y
(ix + 1)3
)
:
(2) If p ∈ {a2 + b2 = c2 + 1} then Aut(X (p); ) is dihedral of order 4 generated by
hX and
f : (x; y) 
→
(
c2 + 1
x
;
y(c2 + 1)3=2
x3
)
:
The exceptional values of p for which Aut(X (p); ) does not coincide with
Aut X (p) are the following:
(2.1) If b=1 and c=−1 then (X (p); ) is isomorphic to ({y2 =x(x4 +1)}; ) via
a lifting of x 
→ x=√2. The automorphism group of the latter is conjugate
to the group G48 given in (2.2) of Theorem 3.2 via a lifting of x 
→ xei=4:
(2.2) If b=1 and c 	= −1 then Aut X (p)=〈f; t〉  D4 where t : (x; y) 
→ (−x; iy):
(3) If p ∈ {a¿bc; a2+b2 ¿c2+1} then there is no non-trivial MQobius transformation
with real liftings, that is, Aut(X (p); ) = Z2:
(3.1) If a = −bc and b equals either (1 + c2)=(3 − c2) or (3 − c2)=(1 + c2) then
(X (p); ) is isomorphic to the real curve (Y (t); ) given by
y2 = (x3 − 1)(x3 + t3);
where t=(
√
3+c)=(
√
3−c): Indeed, an isomorphism is given by a lifting of
x 
→ [x+ b(c+√3)]=[x+ b(c−√3)] for the =rst value of b and a lifting of
x 
→ [x−c−√3]=[x−c+√3] for the second. Clearly, Aut Y (t)=〈f; g〉  D6
where
f : (x; y) 
→ (xe2i=3;−y) and g : (x; y) 
→
(−t
x
;
iyt3=2
x3
)
:
Note that t ranges over 0¡t¡ 2 − √3 if b = (1 + c2)=(3 − c2) and 2 −√
3¡t¡ 1 if b= (3− c2)=(1+ c2); for t=2−√3 we have Aut Y (t)=G48
whilst for t = 1 we have Aut Y (t) = G24 (see the right-hand side picture in
Fig. 3).
(3.2) If a=−bc but (1 + c2)=(3− c2) 	= b 	= (3− c2)=(1 + c2) then Aut X (p) =
〈u; hX 〉  D2 where u is a lifting of x 
→ −b(1 + c2)=x:
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Fig. 3. Real (on the left) and complex (on the right) automorphism groups of (2; 1; 1)-curves.
(3.3) If (a; b; c)=(2 sin(2=5); 2 cos(2=5); tan(=5)) then (X (p); ) is isomorphic
to (X1 = {y2 = x5 + 1}; ) via a lifting of x 
→ x sin(2=5)− 1: If (a; b; c) =
(−
√
5 + 2
√
5; 2 +
√
5;−
√
5 + 2
√
5) then (X (p); ) is isomorphic to (X2 =
{y2=x5−1}; ) via a lifting of x 
→ (x−2c)=x: In both cases, Aut Xi=〈v〉 
Z10 where
v : (x; y) 
→ (xe2i=5;−y):
Fig. 3 represents the relative position in $ of its subsets consisting of (2; 1; 1)-curves
with prescribed real (on the left) and complex (on the right) automorphism groups (thin
dashed lines do not belong to $). The domain bounded by the shadowed surfaces
corresponds to curves with Z2 as their real automorphism group.
6. Complex automorphism groups of (2; 1; 0)- and (2; 0; 1)-curves
The set of isomorphism classes of (2; 1; 0)- and (2; 0; 1)-curves may be described
simultaneously. Indeed, as a consequence of Topological Classi=cation Lemma, roots
of a monic real polynomial of degree 6 with no real one serve as parameters to describe
(2; 1; 0)-curves and (2; 0; 1)-curves. In fact, we have the following.
Theorem 6.1 (Cirre [9]). The mapping
0 : (a; b; c) 
→ (X (a; b; c) = {y2 = (x2 + 1)(x2 + a2)((x − b)2 + c2)}; )
respectively
0 : (a; b; c) 
→ (X ′(a; b; c) = {y2 =−(x2 + 1)(x2 + a2)((x − b)2 + c2)}; ))
is a one-to-one correspondence between
$= {0¡a¡ 1; b ≥ 0; c¿ 0; (0; a) 	= (b; c) 	= (0; 1);
(a2 − c)(c − 1) ≤ b2 ≤ a− c2}
and M(2;1;0) (respectively M(2;0;1)).
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The picture on the left-hand side of Fig. 4 illustrates what $ looks like. There are
three boundary surfaces intersecting pairwise in three concurrent lines, one of which
does not belong to $:
Concerning automorphism groups, it is easy to check that Aut(X; ) = Aut(X ′; )
and Aut X = Aut X ′; where X and X ′ are as in the above theorem. In order to avoid
repetition only automorphism groups of (2; 1; 0)-curves there appear in the statement of
the following theorem, although the same holds true when replacing the (2; 1; 0)-curve
(X; ) by the (2; 0; 1)-curve (X ′; ):
Theorem 6.2. Let p:=(a; b; c) ∈ $ and set
R(a):=
(a2 + 6a+ 1)− (a+ 1)√a2 + 14 + 1
2(a− 1) :
Then with the above notations;
Aut(X (p); ) = Aut X (p) if and only if p 	∈ {b= 0; c = R(a)}:
(1) Suppose that p 	∈ {b= 0; c = R(a)}:
(1.1) If p ∈ {b¿ 0; (a2 − 1)(c − 1)¡b2 ¡a− c2} then Aut X (p) = Z2:
(1.2) If p ∈ {b¿ 0; (a2 − c)(c− 1) = b2 ¡a− c2} ∪ {b= 0; c¡a2} ∪ {b¿ 0;
(a2 − c)(c − 1)¡b2 = a− c2} then Aut X (p) = D2:
(1.3) If p ∈ {b= 0; c = a2} then Aut X (p) = D4:
(1.4) If p ∈ {b¿ 0; (a2 − c)(c − 1) = b2 = a− c2} then Aut X (p) = D6:
(2) Suppose that p ∈ {b= 0; c = R(a)}:
(2.1) If p 	= (2−√3; 0; 7− 4√3) then Aut(X (p); ) = D2 and Aut X (p) = D6:
(2.2) If p= (2−√3; 0; 7− 4√3) then Aut(X (p); ) = D4 and Aut X (p) = G24;
where G24 = 〈r; s | r4 = s6 = (r ◦ s)2 = (r−1 ◦ s)2 = id〉:
Furthermore; the explicit formulae of the automorphisms generating Aut(X (p); )
and Aut X (p) are given.
Proof (Outline). The MQobius transformations permuting ±i; ±ai and b±ci; the branch
points of X (p); must permute the following circles in Cˆ:
C1 = circle in Cˆ through ± i and ± ai;
C2 = circle in Cˆ through ± ai and b± ci;
C3 = circle in Cˆ through ± i and b± ci:
In fact, these are the only circles in Cˆ with 4 branch points, as is easy to check.
If b 	= 0 then C1; C2 and C3 are pairwise diMerent. It follows that any m in Aut X (p)Cˆ
must preserve the only circle in Cˆ perpendicular to C1; C2 and C3, which is the real
axis. Therefore m has real coe/cients and the same happens to its liftings by the
R-lifting lemma. Thus, b 	= 0 implies that
Aut(X (p); ) = Aut X (p):
Explicitly (numeration of cases corresponds to that of the theorem):
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(1.1) If p ∈ {(a2 − c)(c − 1)¡b¡a− c2} then Aut X (p) = 〈hX 〉  Z2;
(1.2) If p ∈ {(a2 − c)(c − 1) = b¡a− c2} then Aut X (p) = 〈f; hX 〉  D2;
If p ∈ {(a2 − c)(c − 1)¡b= a− c2} then Aut X (p) = 〈g; hX 〉  D2;
(1.4) If p ∈ {(a2 − c)(c − 1) = b = a − c2} then Aut X (p) = 〈f; g〉  D6, where in
all cases,
f : (x; y) 
→
(
bx + a2(1− c)
(1− c)x − b ;
y · [(1− a2)(c − c2)]3=2
[(1− c)x − b]3
)
and g : (x; y) 
→
(
a
x
;
ya3=2
x3
)
:
If b = 0 then the three circles C1, C2 and C3 coincide with the imaginary axis
iR ∪ {∞} and so, it must be preserved by any m ∈ Aut X (p)Cˆ. The image by m of
the 6-uple (−i;−ai;−ci; ci; ai; i) is a cyclic permutation of either itself or its “inverse”
(i; ai; ci;−ci;−ai;−i): These data determine m completely. It turns out that m has real
coe;cients if and only if c 	= R(a). In such a case, also its liftings are real by the
R-lifting lemma. Thus, for b= 0
Aut(X (p); ) = Aut X (p) if and only if c 	= R(a):
Explicitly (numeration of cases corresponds to that of the theorem):
(1.2) If p ∈ {a2 ¿c 	= R(a)} then Aut X (p) = 〈u; hX 〉  D2
(1.3) If p ∈ {a2 = c 	= R(a)} then Aut X (p) = 〈u; v〉  D4; where in both cases,
u : (x; y) 
→ (−x; y) and v : (x; y) 
→
(
a2
x
;
ya3
x3
)
:
(2.1) If p ∈ {a2 ¿c= R(a)} then (X (p); ) is isomorphic to the real curve (Y (t); )
given by
y2 = (x2 + t2)(x2 −  (it)2)(x2 −  2(it)2)
where t = 3=
√
ac − c + a and  (x) = (x + 3i)=(ix + 1): The isomorphism is
given by a lifting of x 
→ tx: Here t ranges over 3¡t¡ 2 + √3: Clearly,
Aut (Y (t); ) = 〈u; hY 〉  D2 and Aut Y (t) = 〈u; f〉  D6 where u is as above
and f : (x; y) 
→ ( (x); 8y=(ix + 1)3):
(2.2) If p=(2−√3; 0; 7−4√3) then (X (p); ) is isomorphic to (Y={y2=x6+1}; ) via
a lifting of x 
→ (x+2−√3)=(x−2+√3): It is easy to see that Aut(Y; )=〈u; r〉 
D4 and Aut Y = 〈r; s | r4 = s6 = (r ◦ s)2 = (r−1 ◦ s)2 = id 〉  G24; where u is as
above, r : (x; y) 
→ (−1=x; y=x3) and s : (x; y) 
→ (xei=3; y):
Fig. 4 represents the relative position in $ of its subsets consisting of (2; 1; 0)- and
(2; 0; 1)-curves with prescribed real (on the left) and complex (on the right) auto-
morphism groups (thin dashed lines do not belong to $). There are three boundary
surfaces of $, which correspond to curves with D2 as their real automorphism group.
The domain bounded by them corresponds to curves with Z2 as their real automorphism
group.
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Fig. 4. Real (on the left) and complex (on the right) automorphism groups of (2; 1; 0)- and (2; 0; 1)-curves.
7. Applications to real forms
A real form of a complex algebraic curve X is the isomorphism class of a real
algebraic curve of the form (X; 	). Equivalently, a real form of X is the conjugacy
class in Aut X of a real structure (an antianalytic involution) 	 : X → X: A complex
curve admitting a real structure is called symmetric. Hyperelliptic symmetric curves
always admit at least two real structures. Indeed, if 	 is one of them then its composite
with the hyperelliptic involution (in any order) is also a real structure. An equivalent
formulation in terms of equations is that the hyperelliptic symmetric curve y2 = P(x)
is always the complexi=cation of at least two real curves, namely (y2 = P(x); 	) and
(y2 = −P(x); 	). A natural question arises: are these real structures isomorphic? For
those curves such that 	 is complex conjugation the answer is the following.
Proposition 7.1. Let X be a hyperelliptic curve admitting the complex conjugation 
as a real structure. Then  and  ◦ hX are isomorphic real structures if and only if
there exists a real M7obius transformation preserving the branch point set of X whose
liftings are complex non-real.
Proof. If f◦◦f−1=◦hX for some automorphism f : X → X then f does not have
real coe/cients. However, the induced MQobius transformation fˆ has real coe/cients
because fˆ ◦ ˆ ◦ fˆ−1 = ˆ. The converse is analogous.
In case X has genus 2, we have already found all the MQobius transformations pre-
serving its branch point set. It is then straightforward to prove the following.
Proposition 7.2.
(1) Let X (p) be as in Theorem 3:1 Then its real structures  and  ◦ hX are iso-
morphic if and only if p ∈ {a+ c = b= 0}:
(2) Let X (p) be as in Theorem 4:1: Then its real structures  and  ◦ hX are
isomorphic if and only if p ∈ {a= b(c − 1)=(b− 1)}:
(3) Let X (p) be as in Theorem 5:1: Then its real structures  and  ◦ hX are
isomorphic if and only if p ∈ {a=−bc}:
176 F.J. Cirre / Journal of Pure and Applied Algebra 157 (2001) 157–181
(4) If (X; ) is a (2; 1; 0)-curve then (X;  ◦ hX ) is a (2; 0; 1)-curve. In particular; the
real structures  and  ◦ hX are never isomorphic.
If a real structure 	 of a complex curve X is given then the knowledge of Aut X allows
us to determine all the real forms of X . In particular, results of the preceding sections
may be used to =nd all the real forms of any symmetric complex curve of genus 2.
The last part of the paper is dedicated to give examples of this fact. The real forms
of three special families of genus 2 complex curves are calculated. Each real form is
represented as (Y; ) where  is complex conjugation. Moreover, its topological type
and its (real) automorphism group are also obtained.
In the =rst examples only the order of the complex automorphism group is needed.
Proposition 7.3.
(1) The complex curve y2 = x(x4 − 1) has exactly two real forms:
• the (2; 2; 1)-curve (X1 = {y2 = x(x4 − 1)}; ); with automorphism group D4;
• the (2; 1; 1)-curve (X2 = {y2 = x(x4 + 1)}; ); with automorphism group D2.
(2) The complex curve y2 = x6 − 1 has exactly four real forms:
• the (2; 3; 0)-curve (X1 = {y2 = x(x − 1)(x − 13 )(x − 12 )(x − 23 )}; ); with auto-
morphism group D6;
• the (2; 1; 1)-curve (X2 = {y2 = x6 − 1}; ); with automorphism group D2;
• the (2; 1; 0)-curve (X3 = {y2 = x6 + 1}; ); with automorphism group D4,
• the (2; 0; 1)-curve (X4 = {y2 + x6 + 1 = 0}; ); with automorphism group D4.
(3) The complex curve y2 = x5 − 1 has exactly two real forms:
• (X1 = {y2 = x5 − 1}; ) and
• (X2 = {y2 = x5 + 1}; );
both are (2; 1; 1)-curves with automorphism group Z2.
Proof. The curves y2=x(x4−1); y2=x6−1 and y2=x5−1 are the unique (classes of
isomorphism of) complex curves of genus 2 whose automorphism groups have orders
48, 24 and 10, respectively (see [19]).
(1) The unique real algebraic curves of genus 2 whose complex automorphism groups
have order 48 are (X1 ={y2 = x(x4−1)}; ) (Theorem 3.2) and (y2 = x(x4 +4); )
(Theorem 5.2). The latter is isomorphic to (X2 = {y2 = x(x4 + 1)}; ). Therefore,
they are the unique real forms of y2 = x(x4 − 1).
(2) The unique real algebraic curves of genus 2 whose complex automorphism groups
have order 24 are (X1 = {y2 = x(x − 1)(x − 13 )(x − 12 )(x − 23 )}; ) (Theorem 4.2),
(Y2 = {y2 = x(x2 + 9)(x2 + 1)}; ) (Theorem 5.2), (Y3 = {y2 = (x2 + 1)(x2 + (2−√
3)2)(x2 + (7− 4√3)2)}; ) and (Y4 = {y2 =−(x2 + 1)(x2 + (2−
√
3)2)(x2 + (7−
4
√
3)2)}; ) (Theorem 6.2). But (Y2; ) is isomorphic to (X2 = {y2 = x6 − 1}; )
via a (real) lifting of x 
→ (x + √3)=(−x + √3), whilst (Y3; ) and (Y4; ) are
isomorphic, respectively, to (X3 ={y2 = x6 +1}; ) and (X4 ={y2 + x6 +1=0}; ).
(3) The unique real algebraic curves of genus 2 whose complex automorphism groups
have order 10 appear in Theorem 5.2. It is proven there that they are isomorphic
to (X1 = {y2 = x5 − 1}; ) and (X2 = {y2 = x5 + 1}; ).
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The complex curve appearing in (2) of this proposition is the Accola-Maclachlan
curve of genus 2. For arbitrary genus g its equation is y2=x2g+2−1: Explicit equations
of all its real forms are given in [2].
The maximum number of real forms with a non-empty real part that a complex
curve of genus 2 may admit is 4 (see [7, Theorem 6.1]). It has recently been shown
in [11] that this bound also holds for any complex curve of even genus. The complex
curves of genus 2 for which this bound is attained and real equations for their real
forms are explicitly described in the next proposition.
Proposition 7.4.
(1) For each r ¿ 1 the complex curve X (r) = {y2 = x(x2 + 1)(x − r)(x + r−1)} has
exactly 4 real foms:
• (X1(r) = {y2 = x(x2 + 1)(x − r)(x + r−1)}; );
• (X2(r) = {y2 = x(x2 + 1)(x + r)(x − r−1)}; );
both are (2; 2; 1)-curves with automorphism group D4;
• (X3(r) = {y2 = x(x2 − ei')(x2 − e−i')}; );
• (X4(r) = {y2 = x(x2 + ei')(x2 + e−i')}; );
where cos ' = (r2 − 1)=(r2 + 1). Both are (2; 1; 1)-curves with automorphism
group D2.
(2) For each pair of real numbers (s; t) with s¡ t¡s +
√
s2 + 1 and t 	= 0; the
complex curve X (s; t) = {y2 = (x2 + 1)(x − s)(x − t)(x − (st + 1)=(t − s))} has
exactly 4 real forms:
• (X1(s; t) = {y2 = (x2 + 1)(x − s)(x − t)(x − (st + 1)=(t − s))}; );
• (X2(s; t) = {y2 = (x2 + 1)(x + s)(x + t)(x + (st + 1)=(t − s))}; );
which are (2; 2; 1)-curves;
• (X3(s; t) = {y2 = (x2 − 1)(x2 + tan2 ')(x2 + tan2 ()}; );
• (X4(s; t) = {y2 = (x2 − 1)(x2 + cot2 ')(x2 + cot2 ()}; );
where cos 2' = s(s2 + 1)−1=2 and cos 2( = (st2 + 2t − s)(1 + t2)−1(1 + s2)−1=2;
which are (2; 1; 1)-curves.
The automorphism group of the four real forms is D2.
These are the unique (isomorphism classes of) complex curves of genus 2 admitting
the maximum number of real forms with a non-empty real part.
Proof. All the automorphisms of both complex curves X (r) and X (s; t) have real
coe/cients. Indeed, with the same notations as in Theorem 3.2, X (r) corresponds to
X (p) with p= (−1=r; 0; r), whilst X (s; t) corresponds to X (p) with p= (s; t; (st + 1)=
(t−s)): In both cases p 	∈ {a+c=b=0} which is the necessary and su/cient condition
for Aut X (p) to coincide with Aut(X (p); ). As a consequence, the real structures of
X diMerent from  are exactly the composite (in any order) of  with involutions of
Aut X .
(1) Since Aut X (r) is dihedral of order 8 (see (1.3) of Theorem 3.2) there are ex-
actly six real structures on X = X (r). It turns out that four of them are pairwise
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conjugate in Aut X and X has exactly four real forms. With the notations of Theorem
3.2, they are
(X; ); (X; RhX ); (X; Rg) and (X; Rf);
where the overline means composite with . Now,
• (X; ) is a (2,2,1)-curve with automorphism group D4 (see (1.3) of Theorem 3.2).
• (X; RhX ) is isomorphic to the (2,2,1)-curve (X2(r); ) in the statement of the propo-
sition via F : (x; y) 
→ (−x; iy). The automorphism group of the latter is D4 since
it is conjugate to that of (X; ) via F .
• (X; Rg) is isomorphic to the (2,1,1)-curve (X3(r); ) via a lifting of m : x 
→ '(x −
i)=(x + i) where '= (r + i)(r2 + 1)−1=2.
• (X; Rf) is isomorphic to the (2,1,1)-curve (X4(r); ) via a lifting of x 
→ im(x) with
m as above.
We now compute real automorphism groups of (X3(r); ) and (X4(r); ): Clearly, the
transformation (x; y) 
→ (1=x; y=x3) is an automorphism of both real curves. Together
with the hyperelliptic involution it generates a dihedral group of order 4. We claim
that such a group is the full automorphism group of (X3(r); ) and (X4(r); ). Indeed,
for j = 3; 4 the complex automorphism group Aut Xj(r) is dihedral of order 8 since it
coincides with Aut X (r). So D2⊂Aut(Xj(r); )⊂D4 and it is enough to =nd a complex
non-real automorphism of Xj(r). For example, (x; y) 
→ (−x; iy) works.
(2) Since Aut X (s; t) is dihedral of order 4 (see (1.2) of Theorem 3.2) there are
exactly four real structures on X = X (s; t). None of them is conjugate to another and
so X has exactly four real forms. With the notations of Theorem 3.2, they are:
(X; ); (X; RhX ); (X; Rg) and (X; RhX ◦ g);
where the overline means composite with . Now,
• (X; ) is a (2,2,1)-curve with automorphism group D2 (see (1.2) of Theorem 3.2).
• (X; RhX ) is isomorphic to the (2,2,1)-curve (X2(s; t); ) in the statement of the propo-
sition via F : (x; y) 
→ (−x; iy). The automorphism group of the latter is D2 since
it is conjugate to that of (X; ) via F .
• (X; Rg) is isomorphic to the (2,1,1)-curve (X3(s; t); ) via a lifting of
m : x 
→ (1− 4)x + i(1 + 4)
(1 + 4)x + i(1− 4) with 4=
s+ i√
s2 + 1
:
• (X; RhX ◦ g) is isomorphic to the (2,1,1)-curve (X4(s; t); ) via a lifting of a MQobius
transformation with the same formulae as the above m but changing 4 by −4.
Clearly, the transformation (x; y) 
→ (−x; y) is an automorphism of both (X3(s; t); )
and (X4(s; t); ): Together with the hyperelliptic involution it generates a dihedral group
of order 2. This is the full group of automorphisms of such real curves since it cannot
be larger than Aut X (s; t).
Let Y be a complex curve of genus 2 with maximum number of non-imaginary real
forms. We now prove that Y is isomorphic to either X (r) or X (s; t) where X (r) and
X (s; t) are as in the statement of the proposition.
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According to [7, Theorem 6.1] two of the real forms of Y have topological type
(2,2,1) and the automorphism group Aut Y is either D2 or D4. So we may assume
that Y is given by the equation y2 = (x2 + 1)(x − a)(x − b)(x − c) for some (a; b; c)
satisfying the conditions appearing in (1.2), (1.3) or (2.1) of Theorem 3.2.
If Aut Y = D2 then (a; b; c) ∈ S1:={(ac + 1)=(a − c) = b¡ (ac + 1)=(c − a)} or
(a; b; c) ∈ S2:={(ac + 1)=(a− c)¡b= (ac + 1)=(c − a)}: But the curve given by the
point (a; b=(ac+1)=(a− c); c) ∈ S1 is isomorphic (as a complex curve) to that given
by (−c; b = (ac + 1)=(c − a);−a) ∈ S2 via (x; y) 
→ (−x; iy). So we may assume
that (a; b; c) ∈ S2; which corresponds to the curve X (s; t) for s = a and t = b. These
parameters satisfy s¡ t¡s+
√
s2 + 1 and t 	= 0.
If Aut Y =D4 then the group Aut±Y of analytic and antiantianalytic automorphisms
of Y is the direct product Aut Y × Z2 (see [7, Theorem 6.1]). This means that Y
admits a real structure 	 which commutes with all the elements of Aut Y , that is,
Aut(Y; 	)=Aut Y =D4. According to Theorems 3.2, 4.2, 5.2 and 6.2, the (isomorphism
class of the) real curve (Y; 	) must have topological type (2,2,1), (2,1,0) or (2,0,1).
The last two possibilities are excluded because they are not in the list of topological
types of the real forms of Y (see [7, Theorem 6.1]). Therefore, we may assume that
	= and Y is given by y2 = x(x2 +1)(x− c)(x+1=c) for some c¿ 0 with c 	= 1 (see
(1.3) of Theorem 3.2). So Y =X (r) for r= c. Finally, we may restrict r to be greater
than 1 since X (r) and X (1=r) are isomorphic complex curves via (x; y) 
→ (1=x; iy=x3).
The last proposition of this section deals with symmetric complex curves of genus
2 having “the minimum” number of real forms. We =rst prove the next lemma, which
gives two necessary conditions for a symmetric complex curve of genus 2 to have a
unique real form.
Lemma 7.5. Let X be a symmetric complex algebraic curve of genus 2. If X has a
unique real form; say (X; ); then
Aut(X; ) = Z2 	= Aut X:
Proof. Since the real structure hX ◦  has to be conjugate to ; there exists a real
MQobius transformation m in Aut XCˆ with complex non-real liftings (see Proposition
7.1). This shows that Aut(X; ) is properly contained in Aut X .
Suppose that the other half of the lemma is false. Then Aut(X; ) contains a sub-
group isomorphic to D2, say {id; hX ; f; f ◦hX }. Let Aut XR be the subgroup of Aut XCˆ
consisting of MQobius transformations with real coe/cients. Clearly, m and the MQobius
transformation fˆ induced by f are diMerent elements of Aut XR. Since order (fˆ) = 2;
it follows that order (Aut XR) ≥ 4: We claim that Aut XR 	= Aut XCˆ. Indeed, as f ◦ 
and  are conjugate there exists an automorphism g such that g ◦  ◦ g−1 = f ◦ :
The induced MQobius transformation gˆ does not commute with complex conjugation
ˆ; i.e., gˆ ∈ Aut XCˆ − Aut XR; which proves our claim. Therefore, order (Aut XCˆ) ≥ 8
180 F.J. Cirre / Journal of Pure and Applied Algebra 157 (2001) 157–181
and so order (Aut X ) ≥ 16. But the unique genus 2 curves verifying this inequality are
y2=x6−1 and y2=x(x4−1); which admit more than one real form (see Proposition 7.3).
Proposition 7.6.
(1) For each real number r such that 0¡r¡ 1 the complex curve
X (r) = {y2 = x(x2 + 1)(x2 − r2)};
whose automorphism group is D4; has a unique real form; namely the (2; 2; 1)-curve
(X (r); ).
(2) For each pair of real numbers (s; t) such that 0¡s¡t¡ 1 and (2s)=(s +
1)¡t¡ 1=(2− s) the complex curve
X (s; t) = {y2 = x(x − 1)(x − a)(x − s)(x − t)} with a= s(t − 1)=(s− 1);
whose automorphism group is D2; has a unique real form; namely the (2; 3; 0)-curve
(X (s; t); ).
(3) For each pair of real numbers (u; v) such that u¿ 1 and v¡ 0 the complex curve
X (u; v) = {y2 = x((x2 + uv)2 + u2)((x − v)2 + 1)}
has a unique real form; namely; the (2; 1; 1)-curve (X (u; v); ). Its complex au-
tomorphism group is
Aut X (u; v) =
{
D6 if u= 1+v
2
3−v2 or u=
3−v2
1+v2 ;
D2 otherwise:
These are the unique (isomorphism classes of) symmetric complex curves of genus 2
with a unique real form.
Proof. According to the above lemma, the candidates to have a unique real form are
the following:
(1) Those X (a; b; c) appearing in (2.1) of Theorem 3.2, whose complex automorphism
group is D4. They correspond to X (r) with (a; b; c) = (−r; 0; r).
(2) Those X (a; b; c) appearing in (2.1) of Theorem 4.2, whose complex automorphism
group is D2. They correspond to X (s; t) with (a; b; c) = (s(t − 1)=(s− 1); s; t).
(3) Those X (a; b; c) with Aut X (a; b; c) 	= Z2 appearing in (3) of Theorem 5.2. How-
ever, those with Aut X (a; b; c) = Z10 are excluded since they have two real forms
(see Proposition 7.3). The others correspond to X (u; v) with (a; b; c) = (−uv; u; v).
The restrictions on the parameters r; s; t; u; and v appearing in the proposition come
from those on a; b; and c appearing in the corresponding theorem.
Let X be any of the above curves. The explicit description of its complex automor-
phism group allows us to compute the conjugacy classes of the real structures on X .
After some lengthy but straightforward computations we conclude that, in all cases, X
admits exactly one conjugacy class of real structures. This completes the proof.
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